Elementary Numerical Analysis (409.310A)
Mid Term Examination
10/26/08

Let o be a positive real number. You now want to convert this number into a binary floating point
number using a finite number of bits for the mantissa and for the exponent. Answer the following:
(15}

1) How would you determine the mantissa first in dcw:?z(;i ‘fnrm and the wrrespcmdmg mp&mnt?
The exponent here is of course the exponent of 2 which is to yield (n can be mthar posnwe or
negative). Write vour l%;c in words br iefly.

2) Let the mantissa given in decimal form be £, Suppose that you converted tinto a bmarv number
with m binary digiis so that there could be a truncation error. Let the binary mantissa be
represented by an array b(l :m). b(1}) is the hrst binary number after the decimal point. Now give

an expression to obtain the decimal number _f represented by b 10 terms of summation notation,
3y Given fand f, how you would determine the number of significant digits? Answer with an
inequality expression.

Consider the following setup for the cubic spline iztii% The uzbw polyuomml for the i-th interval is
defined as p(x)y=a, +b{x—x, V+c(x—x_ Y +d (x~ X0 X Sx<x; B X - x, . Answer
the following: (20)
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1} The constant term above can be determined easily by the function value given at the left end point
of the interval, namely, a, = y,, so that there are three unknown cc_)effi“iciems' to be determined at
each interval. Give i) another equation needed to satisfy the given function value, which should be
specified for each interval, if) and two more equations needed fo satisfy the contimuity conditions
which should be specified for each interior point.

2) Discuss about the number of unknowns and the number of equations available. What would you
do resolve the deficiency?

3y Oblain the derivative at the left end point using the first three data points and relate that wnh the
coefficients of the first interval. Start your derivation with the Lagrange interpolation.

4) You need to solve a system of linear equations to determine the coefficients. By using the solution
vector defined as w =[b,¢,,d,,--b,,¢,.d, ,-,b,,¢,,d, 1, sketeh the structure of the finear
svstem (indicate the non-zero entries of the mairix and right hand sidc-: vector with x ).

5) In fact, the size of the linear systern could be reduced by a factor of 1/3. How iy it possible?
Answer briefly.




The count rate of an radicactivity measurement. dimimghes exponentially with time, namely,
Aty = Aze™ | In order to determine the decay constent (A1) of a radicactive isotope, a series of
measurement was perﬁ“}fmﬁd to vield ¥ pairs of time vs, count rate (7, A ) data. Derive the expression
for the decay constant by using the least square rethod using the N data points. (10)

Answer the following as concisel y as possible with only essential details. (20)

1) Explain the minimax property of th@,.Chebyshcv pelynomial with the two ’&'\‘&Q‘_Wi\fﬁmﬁg

,7- : . [ o ! M % *
2} Explain the way 10 determine the (nrn-+] ) coefficients of the Pade approximation which is given
> a

R N = .

,%} Give that the finite difference approximation of ihe second order decivative waing thwes points
{equally spaced interval %) and show that the error of this approximation is in a second order using
the Taylor series expansion.

5. Find the L, U factors of the following matrix obtained after Gauss elimination with partial pivoting.

20 0 -}
0 2 0 _ ‘ , - ‘
A Lo ol Note that P4 = LU where Pis the permutation matrix. {15)
Sl 41

Explain the SOR method in the view of extrapolation and then derive the iteration matrix of the SOR
method. (10}

7. Answer one of the following two problems. You can get a bonus point if you answer both, (1)

1 Any real function defined on the interval {¢,8] can be approximated by a series of orthogonal
functions. Namely,

’ < f.d, (X} (), {x)dlx
J(x)=3 a¢(x) where a = /28 m_f“’ REASSS =3 <P, >=00fin .

>
9> [t (0, (e

show that this series expansion is equivalent to applying the least square method with these
orthogonal functions. (Hint: Define the squared error norm as the infegral involving the weight
functions and squared error.) (10)

2} How would you utilize the LU factor of a matrix w find inverse of the matrix? Assume that the
LU factor was obtained without any pivoting. (Hint: Think 704" =] as n linear systermns
where 47 ={x,, Xy, %, 1 is defined with column veetor X))




